Summary. In the first part of this chapter we analyze the contact intensity C, which has been introduced by Tan [Ann. Phys. 323, 2952] and appears in several physical observables of the strongly correlated two-component Fermi gas. We calculate the contact C in the full BCS-BEC crossover for a uniform superfluid Fermi gas by using an efficient parametetrization of the ground-state energy. In the case of harmonic confinement, within the Thomas-Fermi approximation, we derive analytical formulas of C in the three relevant limits of the crossover. In the second part of this chapter we discuss the extended superfluid hydrodynamics we have recently proposed to describe static and dynamical collective properties of the Fermi gas in the BCS-BEC crossover. In particular we show the relation with the effective theory for the Goldstone field derived by Son and Wingate [Ann. Phys. 321, 197 (2006)] on the basis of conformal invariance. By using our equations of extended hydrodynamics we determine nonlinear sound waves, static response function and structure factor of a generic superfluid at zero temperature.
Contact intensity
It has been proved by Tan [1] that the momentum distribution ρσ(k) in an arbitrary system consisting of fermions in two spin states (σ =↑, ↓) with a large scattering length has a tail that falls off as
for k → ∞, where C is the so-called contact intensity [1] . Here large s-wave scattering length a means that |a| ≫ r0, where r0 is the effective interaction radius. Under this condition Tan [1] has shown that C is related to the total energy E of the Fermi system by the rigorous expression
where the derivative is taken under constant entropy and, in general, C depends on the number N of fermions, the scattering length a and the parameters of the trapping potential [2, 3] . Remarkably, Eqs. (1) and (2) work also at finite temperature and in this case C will be a function of T [2, 4] . Tan has also derived, for finite scattering lengths, a generalized virial theorem and a generalized pressure relation where the contact C appears [3] . The contact intensity C appears also in other physical observables of the strongly correlated Fermi system. For instance, the radio-frequency spectroscopy shift is proportional to C [5, 6, 7, 8] , and the same happens to the photoassociation rate [9] . Very recently, it has been shown that the contact C gives the asymptotic tail behavior of the shear viscosity as a function of the frequency [10] . Using the methods of quantum field theory, Braaten and Platter have rederived [11, 12 ] the Tan's universal relations [1, 2, 3] . In addition, they have shown that the contact intensity can be written as
whereψσ(r) is the fermionic field operator of spin σ and g = 4πa/(1 − (2akcut/π)) is the bare coupling constant of the Fermi pseudo-potential interaction, with kcut the ultraviolet wavenumber cutoff [11, 13] . Braaten and Platter have also shown that the number Npair(r) of pairs of fermions with opposite spins in a small ball of volume 4πs 3 /3 centered at the point r scales as s 4 C(r)/2 for s → 0, where
is the contact density [11, 13] . Explicit expressions of the universal quantity C have been derived by Tan [1] for a uniform superfluid Fermi gas at zero temperature only in three limits: the Bardeen-Cooper-Schrieffer (BCS) limit of weakly bound Cooper pairs, the unitarity limit of infinite scattering length, and the Bose-Einstein condensate (BEC) limit of weakly-interacting bosonic molecular pairs.
In this section we calculate the contact C as a function of the inverse scattering parameter 1/(kF a) for a uniform superfluid Fermi gas in the full BCS-BEC crossover.
To perform this calculation we use an efficient fitting formula of the ground-state energy [25, 26] and the Tan's equation (2) . We find that the contact C has a maximum close to the unitarity limit of infinite scattering length. We also consider the interacting Fermi system under harmonic confinement. For this superfluid Fermi cloud we derive analytical formulas of the contact C in the three relevant limits of the crossover.
Uniform superfluid Fermi gas at zero temperature
In the case of a zero-temperature uniform two-component superfluid Fermi gas of total density n = n ↑ + n ↓ (n ↑ = n ↓ ), large scattering length a (a ≫ r0) in a volume V , the energy density can be written as
where f (y) is a universal function of inverse interaction parameter y = 1/(kF a), with ǫF =h 2 k 2 F /(2m) the Fermi energy and kF = (3π 2 n) 1/3 the Fermi wave number [4] . We observe that at finite finite temperature T the function f (y) is substituted by a more general universal function Φ(y, t), where t = T /ǫF is the scaled temperature.
Φ(y, t) has been studied with Monte Carlo methods by Bulgac, Drut, and Migierski [14, 15] , but only in the unitarity limit (y = 0).
It is straightforward to derive from Eq. (2) the expression of the contact density
The behavior of f (y) is well known in three relevant limits:
In fact, in the weakly attractive limit (y ≪ −1) one expects a BCS Fermi gas of weakly bound Cooper pairs. As the superfluid gap correction is exponentially small, the function f (y) follows the Fermi-gas expansion [16, 17] . In the so-called unitarity limit (y = 0) one expects that the energy per particle is proportional to that of a non-interacting Fermi gas with the universal constant ξ given by ξ ≃ 0.42 [18] . Note that more recent auxiliary-field Monte Carlo results [19] predict a smaller value for ξ, namely ξ ≃ 0.38, while the experiment performed at Ecole Normale Superieure [20] suggests ξ ≃ 0.40. The first correction to this behavior, shown in Eq. (6), has been estimated from Monte Carlo data with ζ ≃ 1 [21] . In the weak BEC limit (y ≫ 1) one expects a weakly repulsive Bose gas of dimers. Such Bose-condensed molecules of mass mM = 2m and density nM = n/2 interact with a positive scattering length aM = Pa with P ≃ 0.6, as predicted by Petrov et al. [22] . In this regime, after subtraction of the molecular binding energy, the function f (y) follows the Bose-gas expansion [23] . It is easy to obtain the contact intensity C by using Eqs. (2) and (6) in the relevant limits of the crossover. One finds
in agreement with the previous determinations of Tan [1] and Werner, Tarruell and Castin [9] . Notice that in the BEC limit we have removed the binding energy of molecules. Moreover, very recently finite temperature corrections to Eq. (7) were given in Ref. [24] .
Contact intensity in the BCS-BEC crossover
Now we want to calculate the behavior of C in the full BCS-BEC crossover. In 2005 we have proposed [25] the following analytical fitting formula
interpolating the Monte Carlo energy per particle [18] and the limiting behaviors for large and small |y|. Eq. (8) is very reliable [25, 26] and it has been successfully used by various authors for studying grund-state and collective properties of this superfluid Fermi system [27, 28, 29, 30, 31] . The parameter α1 is fixed by the value ξ of f (y) at y = 0, the parameter α2 is fixed by the value of f (y) at y = ∞, and α3 is fixed by the asymptotic 1/y coefficient of ǫ(y) at large |y|. The ratio β1/β2 is determined by the linear behavior ζ of ǫ(y) near y = 0. The value of β1 is then determined by minimizing the mean square deviation from the Monte-Carlo data.
Of course, we have considered two different set of parameters: one set in the BCS region (y < 0) and a separate set in the BEC region (y > 0) [25] . Table 1 of [25] reports the values of these parameters, with ζ = ζ− = 1 in the BCS region but ζ = ζ+ = 1/3 in the BEC region. Here we use Eq. (8) to calculate the contact density given by Eq. (5), but contrary to [25] , we choose ζ+ = ζ− = ζ = 1 to ensure the continuity of f ′ (y) at y = 0. Notice that the recent experimental results obtained at Ecole Normale Superieure [20] indeed suggest the continuity of f ′ (y) at y = 0. In this way, in the BEC region β2 = 0.1517 while β1 is unchanged (see Table. 1 of [25] ). In the upper panel of Fig.  1 we plot the ground-state energy E while in the lower panel we plot the contact C, both as a function of the inverse interaction parameter y = 1/(kF a). For comparison, in addition to the data obtained with our method (solid lines), we insert also the results (dashed lines) one obtains using the Pade parametrization of f (y) proposed by Kim and Zubarev [32] . The figure shows that solid and dashed lines are always close each other, apart for −1 ≪ y ≤ 0 where our fitting formula is smoother (and closer to the Monte Carlo data [18] ). Moreover, the scaled contact C/(V kF n) as a function of 1/(kF a) has its maximum near to the unitarity limit 1/(kF a) = 0: the position of the maximum is located at 1/(kF a) ≃ 0.05. Remarkably, the scaled contact has a behavior quite similar to the Landau's critical velocity vc (at which there is the breaking of superfluid motion), calculated along the BCS-BEC crossover. In fact, also vc goes to zero for y → ±∞ and it has a peak at y ≃ 0.08 [33] . Clearly, the contact C exhibits a maximum close to unitarity because we have subtracted the molecular binding energy contribution, given by y 2 in the BEC side (y > 0). Including this energy term it is easy to show that C increases monotonically from the BCS side to the BEC side, according the definition in Eq. (2). Nevertheless, as prevously stated, the radio-frequency spectroscopy shift is proportional to C, and its maximum around unitarity has been shown in Ref. [6] , where the same artificial subtraction has been adopted.
Trapped superfluid Fermi gas
Let us now consider the superfluid Fermi gas under an external harmonic confinement
In the limit of a large number N of fermions we can use the local density (ThomasFermi) approximation [34, 35, 36, 37, 38, 39, 40, 41] and the energy of the system can be written as
where ǫF (r) =h 2 kF (r) 2 /(2m) is the local Fermi energy and kF = (3π 2 n(r)) 1/3 is the local Fermi wave number. As in the uniform case, this expression is not very useful without the knowledge of the universal function f (y).
The numerical calculation of the contact indensity C for a harmonically trapped Fermi superfluid in the full BCS-BEC crossover by using Eqs. (2) and (8) is very demanding. Consequently, we calculate C only in the three relevant limits of the BEC-BEC crossover. In these limits we obtain useful analytical expressions for the contact C. BCS limit. In the BCS limit (a → 0 − ) from Eqs. (6) and (10) we find
where n(r) is the density profile of the ideal Fermi gas in the harmonic potential (9), given by [42] 
where rF = √ 2(3N ) 1/6 aH is the Fermi radius of the cloud, with aH = h/(mω) the characteristic harmonic length. Inserting this density profile into Eq. (11) and using Eq. (8) we get the contact intensity in the BCS limit:
Unitarity limit. In the unitarity limit (a → ±∞) from Eqs. (6) and (10) we have
where n(r) is the density profile of the unitary Fermi gas in the potential (9), namely [34] 
where rF = √ 2ξ 1/4 (3N ) 1/6 aH is the Fermi radius of the unitary cloud. Inserting this density profile into Eq. (14) and using Eq. (8) we obtain the contact in the unitarity limit:
BEC limit. In the BEC limit (a → 0 + ) it is straightforward to calculate the contact C. In fact, the explicit formula of the ground-state energy of the dilute BEC is well known [43] and for a BEC of molecules it is given by E = 5 7h
where P ≃ 0.6 and N/2 is the number of molecules. Then from Eq. (2) the contact intensity reads
Extended superfluid hydrodynamics
In this section we discuss the extended Lagrangian density of superfluids we have proposed few years ago [34] and applied to study mainly the unitary Fermi gas [34, 35, 36, 37, 38, 39, 40, 41] . The internal energy density of this Lagrangian contains a term proportional to the kinetic energy of a uniform non interacting gas of fermions, plus a gradient correction of the von-Weizsacker form λh 2 /(8m)(∇n/n) 2 [44] . This approach has been adopted for studying the quantum hydrodynamics of electrons by March and Tosi [45] , and by Zaremba and Tso [46] . In the context of the BCS-BEC crossover, the gradient term is quite standard [25, 32, 47, 48, 49, 50, 51, 52, 53] . In particular we show the relation between our approach and the effective theory for the Goldstone field derived by Son and Wingate [54] , and improved by Manes and Valle [55] , on the basis of conformal invariance. Finally, by using our equations of extended superfluid hydrodymics at zero temperature we calculate sound waves, static response function and structure factor of a generic superfluid.
The extended Lagrangian density of superfluids is given by
where n(r, t) is the local density, U (r) is the external potential acting on particles, and m the mass of superfluid particles. In the case of superfluid bosons θ(r, t) is the phase of the condensate order parameter, while in the case of superfluid fermions θ(r, t) is half of the phase of the condensate order parameter (of Cooper pairs). E (n, ∇n) is the internal energy density of the system. Note that we are supposing that this equation of state E (n, ∇n) can depend not only on the local density n(r, t) but also on its space derivatives. For this reason we call (19) the extended superfluid Lagrangian. We stress that in the context of the BCS-BEC crossover the extended internal energy density could be written as
where
is the energy density discussed in the previous section (see Eq. (4)) which depends on the universal function f (y) of the BCS-BEC crossover, while the second term is the gradient correction of the von-Weizsacker form [35] . In the BCS-BEC crossover we expect that 1/6 ≤ λ ≤ 1/4, where λ = 1/6 is the appropriate value in BCS regime of weakly-interacting superfluid fermions of mass m [45, 46] , while λ = 1/4 is the appropriate value in the deep BEC regime of weakly-interacting superfluid bosonic dimers of mass 2m [35] . By using the Lagrangian density (19) the Euler-Lagrange equation
The Euler-Lagrange equation
gives insteadhθ
is the local chemical potential of the system (see also [54] and [55] ). The local field velocity v(r, t) of the superfluid is related to the phase θ(r, t) of the condensate by
This definition ensures that the velocity is irrotational, i.e. ∇ ∧ v = 0. By using the definition (27) in both Eqs. (23) and (25) and applying the gradient operator ∇ to Eq. (25) one finds the extended hydrodynamic equations of superfluids
We stress that in the presence of an external confinement U (r) the chemical potential µ of the system does not coincide with the local chemical potential X(n, ∇n). The chemical potential µ can be obtained from Eq. (25) setting θ(r, t) = −µt/h and v(r, t) = 0, such that
where n0(r) is the ground-state local density. The Lagrangian density (19) depends on the dynamical variables θ(r, t) and n(r, t). The conjugate momenta of these dynamical variables are then given by
and the corresponding Hamiltonian density reads
namely
which is the sum of the flow kinetic energy densityh 2 (∇θ) 2 n/(2m) = (1/2)mv 2 n, the internal energy density E (n, ∇n), and the external energy density U (r)n.
Extended hydrodynamics in terms of Goldstone field
Note that taking into account Eq. (25) one immediately finds
Consequently the Lagrangian density (19) can be rewritten as
Remarkably
is the local pressure of the system as a function of the density and its spatial derivatives, which can be written as a function of the local chemical potential X and its spatial derivatives, namely
This result, based on a Legendre transformation, is clearly illustrated in the book of Popov [56] and used in the recent papers of Son and Wingate [54] and Manes and Valle [55] . Finally one can introduce the Goldstone field φ(r, t) as
In this way, by using again Eq. (25), one can write
Thus, the Lagrangian density (38) actually depends only on the Goldstone field φ(r, t). This is exactly the main message of the paper of Son and Wingate [54] , which however traces back to the older results of Popov [56] .
Application: the Unitary Fermi gas
Let us now suppose that the equation of state of the superfluid at zero temperature is that of the unitary Fermi gas, i.e.
where ξ ≃ 0.4 and λ ≃ 0.25 [37, 41] . It follows from Eq. (26) that
by taking into account that the surface terms give zero contribution. In addition we get from Eq. (37) that
The Lagrangian density of Eq. (38) is then obtained by finding n and ∇n as functions of X and ∇X by inverting Eq. (42) . This can be done in terms of a derivative expansion. One gets n = (2mξ) 3/2 X 3/2 /(3π 2h3 ) and
is the Lagrangian density at the leading order, and
is the next-to-leading contribution to the Lagrangian density. The Lagrangian density (44) is the same of that derived by Son and Wingate [54] from general coordinate invariance and conformal invariance. Actually, at the lext-to-leading order Son and Wingate have found an additional term [54] , which has been questioned by Manes and Valle [55] and is absent in our approach.
Nonlinear sound waves, static response function and structure factor
In this subsection we consider the following zero-temperature equation of state of a generic superfluid
Here the internal energy is the sum of two contributions: a generic internal energy E0(n) which depends only of the local density n(r, t) (for instance that of Eq. (21)) plus the gradient correction of the von Weizsacker type, where the coefficient λ can be a function of the interaction strength. The equation of motion (29) becomes
with
We are interested on the propagation of sound waves in superfluids. For simplicity we set
and consider a small perturbationñ(r, t) around a uniform and constant configuration n0, namely n(r, t) = n0 +ñ(r, t) .
Neglecting quadratic terms inñ and v we derive the linearized equations of extended superfluid hydrodynamics
where cs is the sound velocity, given by
Applying the operator ∂ ∂t to Eq. (54) and the operator ∇ to Eq. (55) and subtracting the two resulting equations we get
This is the wave equation of the small perturbationñ(r, t) around the uniform density n0. We stress that the effect of the gradient term in the equation of state is the presence of quartic spatial derivatives in this wave equation. It is straightforward to show that the wave equation admits the real solutioñ n(r, t) = A e i(q·r−ωq t) + A * e −i(q·r−ωq t) ,
where the frequency ωq and the wave vector q are related by the Bogoliubov-like dispersion formulah
or equivalently
with α = λh 2 /(4m 2 c 2 s ). Thus, the dispersion relation ωq is linear in q = |q| only for small values of the wavenumber q and becomes quadratic for large values of q.
We observe that, for a generic many-body system, the dispersion relation can be written as [57] 
where mn(q) is the n moment of the dynamic structure function S(q, ω) of the many-body system under investigation, i.e.
Note that Eq. (61) is not exact and is valid under the approximation of a singlemode density excitation. It therefore only gives an upper bound for the dispersion relation. This is important for large q, for which quasiparticles other than density excitations may contribute. In our problem we have
and m−1(q) = 1
In general, the static response function χ(q) is defined as [57] χ(q) = −2 m−1(q) ,
and in our problem it reads
where again α = λh 2 /(4m 2 c 2 s ). The static structure factor S(q) is instead defined as [57] S(q) = m0(q) = 
but it can be approximated by the expressioñ S(q) = m1(q) m−1(q) ,
which gives an upper bound of S(q), i.e.S(q) ≥ S(q) [57] . In our problem we immediately findS (q) = 
Our results clearly indicate that it should be possible to observe experimentally the effect of the dispersive von-Weizsacker-like gradient term from sound-wave measurements.
Conclusions
In the first part of this contribution we have calculated the contact C as a function of the inverse scattering parameter 1/(kF a) for a uniform superfluid Fermi gas in the full BCS-BEC crossover at zero temperature. We have found that the contact C has a maximum close to the unitarity limit of infinite scattering length, in analogy with the behavior of the Landau's critical velocity vc, at which there is the breaking of superfluid motion [33] . We have also considered the interacting Fermi system under harmonic confinement. In this case, we have derived analytical formulas of the contact intensity C in the three relevant limits of the crossover. Our results can be experimentally tested with ultracold atomic clouds by measuring one of the quantities which are directly related to the contact intensity C: the tail of the momentum distribution, the derivative of the total energy with respect to the scattering length, the radio-frequency spectroscopy shift, or the photoassociation rate. In the second part we have analyzed some properties of the extended superfluid hydrodynamics [34] ; in particular, we have shown its strict relation with the low-energy effective field theory built on the Goldstone mode. Finally, by using the extended hydrodynamics we have calculated, for generic superfluid in the absence of external confinement, the nonlinear dispersion relation of sound waves, and, as a by-product, both static response function and structure factor.
